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Abstract 

Several classes of solutions of the generalized Weierstrass system, which induces con- 
stant mean curvature surfaces into four-dimensional Euclidean space are constructed. 
\ A gauge transformation allows us to simplify the system considered and derive fac- 

■ torized classes of solutions. A reduction of the generalized Weierstrass system to 
\ decoupled CP^ sigma models is also considered. A new procedure for constructing 

CS| ■ certain classes of solutions, including elementary solutions (kinks and bumps) and 

\ multisoliton solutions is described in detail. The constant mean curvature surfaces as- 

■ sociated with different types of solutions are presented. Some physical interpretations 
of the results obtained in the area of string theory are given. 

. . ! 1 Introduction 
> 

^ . It has been shown [1] that Weierstrass representations are very useful and suitable tools for 

^ \ the systematic study of minimal surfaces immersed in n-dimensional spaces. This subject 

has a long and rich history. It has been extensively investigated since the initial works 
of Weierstrass [2] and Enneper [3] in the middle of the nineteenth century on systems 
inducing minimal surfaces in M^. In the literature there exists a great number of ap- 
plications of the Weierstrass representation to various domains of Mathematics, Physics, 
Chemistry and Biology. In particular in such areas as quantum field theory [4], statistical 
physics [5], chemical physics, fluid dynamics and membranes [6], minimal surfaces play 
an essential role. More recently it is worth mentioning that works by Kenmotsu [7], Hoff- 
mann [8], Osserman [9], Budinich [10], Konopelchenko [11, 12] and Bobenko [13, 14] have 
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made very significant contributions to constructing minimal surfaces in a systematic way 
and to understanding their intrinsic geometric properties as well as their integrable dy- 
namics. The type of extension of the Weierstrass representation which has been useful in 
three-dimensional applications to multidimensional spaces will continue to generate many 
additional applications to physics and mathematics. According to [15] integrable defor- 
mations of surfaces are generated by the Davey-Stewartson hierarchy of 2 -|- 1 dimensional 
soliton equations. These deformations of surfaces inherit all the remarkable properties of 
soliton equations. Geometrically such deformations are characterised by the invariance of 
an infinite set of functionals over surfaces, the simplest being the Willmore functional. 

In recent years, major developments in the area of the low dimensional sigma model 
have been shown [16] to be of use in generating two-dimensional surfaces immersed in 
multidimensional-space. There are links between this model and other models, such as 
the non Abelian Chern-Simons theories which have been of interest recently in condensed 
matter physics [17]. In fact the Chern-Simons gauged Landau-Ginsburg model plays the 
essential role of an effective theory for the Fractional Quantum Hall Effect. There exists 
a link between non Abelian Chern-Simons theories and the nonlinear sigma model, which 
is related to minimal surfaces. For example, in [18], a simple method was proposed to 
obtain completely integrable systems in (2 -|- l)-dimensions from classes of non Abelian 
Chern-Simons field theory. In this sense completely integrable systems are seen as partic- 
ular gauge choices in which the theory is formulated. Moreover linear spectral problems 
are naturally related to the geometrical constraints imposed on the target space. Among 
several possibilities for building up integrable deformations of (2-|- l)-dimensional surfaces, 
multidimensional integrable spin field systems can be used to realize integrable deforma- 
tions of surfaces. A more general (2 -|- l)-dimensional integrable spin model is described 
by the pair of equations [17], 

5t + 5 A { (6 + l)Sss - bS^ + butSt + (6 + l)usSs = 0, 
Ust = S-{SsASt), 

where s and t are real or complex variables, b a real constant, S = {Si, S2, S^) is the 
spin field vector, S*^ = 1 and tt is a scalar function. These represent one of the (2 -|- 1)- 
dimensional integrable generalizations of the isotropic Landau-Lifshitz equation 

Sf = S A Sxx- 

The process of unifying gravity, supersymmetry and gauge theories leads to supcrgravity 
theories such that the number of supersymmetries goes from one to eight. Unfortunately 
quantum Einstein gravity is non renormalizable [4, 5]. A quantum theory of gravity should 
therefore be a nonlocal quantum field theory. Modern superstring theory draws together 
many concepts of field theory, for example gauge symmetry, supersymmetry, effective 
actions and the nonlinear sigma models. An extension of the Polyakov string integral 
over multidimensional spaces would be of great interest [15]. In fact the string action 
in a non trivial gravitational background takes the form of a non linear sigma model or 
a generalization of it. Conformal invariance plays a fundamental role in perturbative string 
theory and results in deep connections between strings and the nonlinear sigma model. 
Of particular physical interest is the geometrical nature of the interaction in the nonlinear 
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sigma model which has consequences such as the geometrical nature of the counterterms 
which are required for renormalizability, the existence of topologically non trivial field 
configurations such as solitons and gauge invariance of four-dimensional quantum field 
theories. 

In this paper we construct several classes of solutions of the Weierstrass represen- 
tation inducing constant mean curvature (CMC) surfaces immersed in Euclidean four- 
dimensional space. This paper is an extension of previous papers [19, 20] which concern 
the Weierstrass representation for CMC-surfaces immersed in Euclidean three-dimensional 
space. This representation has recently been introduced by Konopelchenko and Landolfi [1] 
and will be referred to as the KL system. Their formulas are the starting point of our 
analysis, namely, they consider a first order nonlinear system of two-dimensional Dirac 
type equations for four complex valued functions tpa and ipa {a = 1,2). This system can 
be written as follows 

^^pa = P^a, dipa = -pipa, a = 1,2, 

P=Vurm, Ua = llpal"^ + l^al"^ (1-1) 

and their complex conjugate equations. We denote the derivatives in abbreviated form by 
d = d/dz, B = d/dz and the bar denotes complex conjugation. Note that eight of sixteen 
first derivatives of the fields 0a and ipa appearing in the KL system (1.1) are given in 

terms of the complex functions i/'q and (p^ only. These functions 0„ and (pa arc invariant 
under the multiplication factor minus one. The system (1.1) possesses several conservation 
laws such as 

diiJai^p) + d{paVf3) = 0, 9(0,^/3) - ^(9?«0/3) = 0, a//3 = l,2. (1.2) 

As a consequence of these conserved quantities there exist four real valued functions 
Xi{z,z), i = 1,...,4, which can be interpreted as coordinates for a surface immersed 
in Euclidean space M^. The coordinates of the position vector X = [X^ , , , X^) of 
a CMC-surface in are given by [1] 

X^ = ^ J [(0102 -I- (pi(p2) dz' - (0102 + (pi<f2) dz'] , 
^ J [(0102 - (P1(P2) dz' + (0102 - (pi<f2) dz'] , 
~\ J [('01'<^2 + 02¥'l)d^' + (V'1'^2 + 02<^l)dz'] , 
X^ = ^ J [(01(^2 - ■02</?l) dz' - (0l<^2 - '02<^l) dz'] , (1.3) 

where 7 is any closed contour in the complex plane C. Due to the conservation laws (1.2) 
the integrals appearing in system (1.3) do not depend upon the trajectory of contour 7 
in C, but depend upon the endpoints. The differentials of equations (1.3) are exact ones. 
The mean and the Gaussian curvatures and the first and second fundamental forms of the 
surface immersed in are given by [1] 

H2 = 4^, K = -p-^ddlnp, 

U1U2 

ds^ = u\U2 dz dz, II = {d'^r\n)dz'^ + {ddr\n)dz dz + (9^r|n)dz^ (1.4) 
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in conformal coordinates, respectively. Here the vector n is the unit normal vector to 
a surface which satisfies {dr\n) = 0, {dr\n) = 0, = 1 and the bracket ( | ) denotes the 
standard scalar product in R^. 

In our investigations it is more convenient to introduce two new dependent complex 
variables which link the Weierstrass representation with a second order overdetermined 
system of PDEs. This link allows us to establish several useful transformations in order to 
simplify the structure of the KL system (1.1) and to construct several classes of solutions. 

We define two new complex variables given by 

C„ = ^, a = 1,2. (1.5) 
The equations (1.3) CdJi b6 writt6n in 6C[iiivcil6nt form [1] in tBrms of cis 

X = / Rei^Gdz), (1.6) 



where the functions •& and G{z, z) are given by 

H2(l + |ei|2)2(l + |^2|2)2' 

G(z, z) = [(1 + 66), ^(1 - 66), ^(6 + 6), 6 - 6] (i-7) 

and the complex functions 6 and 6 obey the second order partial differential equation 

-2fl(l„|H|) + ^-:^^ + ^-:^^=0. (1.8) 

In particular, if il)2 = eipi and = e'^i for e = ±1 hold, then the KL system (1.1) is 
reduced to the generalized Weierstrass (GW) system inducing CMC-surfaces in 

dipi=pipi, = -pVi, P = IV'iP + IV'iP- (1-9) 

Equation (1.8) then becomes the equation for the CP^ sigma model 

^^^-T^^^^^ = o (1-10) 

and its conjugate, since 6 = 6 = ^ by (1.5). These limits characterize the properties of 
solutions of the KL system (1.1). 

In this paper we examine certain algebraic and differential constraints of the first order, 
compatible with the initial system of PDEs (1.1), which allow us to simplify its structure. 
In particular we focus upon constructing several classes of multisoliton solutions of system 
(1.1) which have not been found up to now. In some cases new, interesting, CMC surfaces 
are found in explicit form. 

The paper is organized as follows. In Section 2 we perform a reduction of the original 
system (1.1) to a certain overdetermined system of PDEs. This overdetermined system al- 
lows us to simplify the structure of the KL system by performing a rational transformation 
for the functions ipa and in (1.1). In Section 3 we introduce a gauge transformation for 
the KL system and we discuss the possibility of factorization of the associated KL system. 
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Furthermore a new procedure for constructing solutions to the KL system is proposed. 
We formulate several useful propositions for building certain classes of solutions of the 
KL system. Section 4 deals with a reduction of the KL system to decoupled CP^ sigma 
models. In Section 5 we apply these propositions in order to construct several explicit 
solutions and their superpositions. Based on these propositions we are able to generate 
new classes of multisoliton solutions and find their associated CMC surfaces. Section 6 
contains a simple example related to classical string configurations in and possible 
future developments. 



2 A system associated 

with the Konopelchenko— Landolfi system 

Now we introduce a new system associated with (1.1) which allows the construction of seve- 
ral classes of solutions for the KL system including elementary and multisoliton solutions, 
which are presented in Section 5. 

Proposition 1. // the complex valued functions V'a o-'^d ipa are solutions of KL sys- 
tem (1.1), then the rational functions defined by (1-5) are solutions of the following overde- 
termined system, 

{d^im,) _^ .... 

Proof. In fact, from (1.1) and making use of transformation (1.5), we get 

^^a = |V'a|' + |<^a|' = |<^a|'(l + l^al')' OC = 1,2. (2.3) 

By differentiation of equations (1.5) with respect to d and using system (1.1), we obtain 
dU=P^=P^{l + \U)- (2.4) 

Taking the ratio of (2.4) with its complex conjugate, we get 

^ - ^ (2 5) 

Multiplying equation (2.4) by its complex conjugate and solving for p^, we can express 
in terms of as 

{diama)=P^l + \U^f . (2.6) 

So we have 

2 {dia){d^a) 

p = o) a = 1,2. (2.7) 

(1 + ICaP)" ^ ' 
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Equating equations (2.4) for a = 1,2 we obtain expression (2.1). Using equation (2.5) we 
can write equations (2.7) in equivalent form 

Elimination of from (2.8), for different values of a = 1,2, leads to equation (2.1). 
Eliminating from equations (2.7) with a = 1 and (2.8ii) with a = 2 we get the following 
relation 

,,2 (96) (56) ,.2 (96)^ . 

Similarly, from equations (2.7) with a = 2 and equations (2.8ii) with a = 2, we have 

</'i(96)-<^i(96) = o. (2.10) 

Equations (2.9) and (2.10) have a nontrivial solution for functions and if the deter- 
minant of their coefficients vanishes. This condition turns out to be exactly the condition 
(2.1). Elimination of from equations (2.7) and (2.8i) with a = 1 and, next, elimination 
of from (2.7) with a = 2 and (2.8ii) with a = 1 leads to 



</'t(56)-^f(96) = o, (2.11) 

2 (96)(5g2) _ -2 (96) ^ 

(i + |6P)2 ^^^(1 + 16 



y^i n , 1^ 12^2 -^ Wi ^l<J2^2 =Q- (2.12) 



The condition for the existence of nontrivial solutions for (fl and (fl of equations (2.11) 
and (2.12) is reduced to condition (2.1). This means that we can take into account only 
two equations, say (2.10) and (2.11), from the systems of equations (2.9)-(2.12) since the 
determinant of their coefficients vanishes whenever (2.1) holds. This implies that equations 
(2.9)-(2.12) are linearly dependent. A general solution for the system (2.10) and (2.11) 
has the form 

= aaid^a)^/^ = aaid^a^/^ (2.13) 

For (2.13) to be consistent with (2.9)-(2.12) the functions Qa = aa{z,z) are real-valued so 
that Oq = CLa- Substituting (2.13) into (1.5) we obtain 

Differentiating (2.13) with respect to B and substituting into the KL system (1.1), we 
obtain 

(daama)'/^ + ^a„(56)-'/'996 

J- + Isal 

This means that the functions 6 satisfy the second order differential equation 



. (56)(g e 
i + ie 
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Similarly differentiation of (2.14) with respect to d and use of the KL system (1.1) yields 
the complex conjugate of (2.15), namely, 



Equations (2.15) and their conjugates can be solved for the quantities 9(ln a^) and d{ln a^), 
respectively, 

^^""'^^-^-iT^^- ^'-'^^ 

By differentiation of (2.16i) with respect to d and (2.16ii) with respect to 9, the com- 
patibility condition for these derivatives results in (2.2). Thus, for a given solution of 
system (2.1) and (2.2), the function is determined uniquely by equations (2.16). By 
use of (2.15) in (1.8) the second derivatives can be eliminated from (1.8) to obtain an 
additional constraint on the functions Oq,, 

ainai + I (^1^6 + iidh) + 51na2 + -, ,2 (6^6 + 696) = (2.17) 

and its complex conjugate. By virtue of (1.8) the condition (2.17) is a necessary condition 
for the mean curvature H to be constant, according to (1.4). ■ 

Note that, if the real- valued functions are holomorphic functions, then are con- 
stant and (2.15) reduces to two decoupled CP^ sigma model equations (1.10). The converse 
Proposition is also true. 

Proposition 2. Suppose that the complex valued functions S,a o-fe solutions of the overde- 
termined system (2.1) and (2.2) and that the real-valued functions Ua are solutions of 
equations (2.16) and (2.17). Then the complex functions ipa and ipa determined by 

^a=aa{dCay/\ = aaUd^aY^^ "=1,2, (2.18) 

are solutions of the KL system (1.1). 

Proof. For a given solution of (2.1), (2.2) we assume that the functions are consistent 
with the compatibility conditions (2.16) and (2.17). Differentiating ipa in (2.18) with 
respect to B we obtain 

d^a = (9a„)(aea)'/' + laa{d^a)-^/^ddCa. (2.19) 
Using (2.16i) we can eliminate the first derivative of in equation (2.19) to obtain 



= / dd(,a ^ \ n1/2 , 1 ^d, 

= [-ma)"" " TTju'^^'v ^^^"^ ^ (a^: 



)l/2" 
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Next, making use of (2.7) and (2.18), we get 

So the functions satisfy the first equation in (1.1). Differentiating i/ja with respect to 
d in (2.18), we obtain 

Bi^a = {d^aaidU)'^^ + Udaam^y/^ + l^ac^iBQ-^/^ddCa. (2.20) 

Similarly, using equations (2.16ii) and (2.7), we can eliminate the first derivatives in equa- 
tion (2.20) and (2.18). We have 

Bi^a = {B^a)aa{B^a)'^' + UB^a)'/' " TT^^") 

This completes the proof. ■ 

3 Gauge transformations and factorization 

of the associated Konopelchenko— Landolfi system 

Now, we discuss certain new classes of multisoliton solutions of the KL system (1.1) which 
can be obtained directly by applying the transformation (1.5). Firstly, we demonstrate 
that the KL system (1.1) admits a gauge transformation. We introduce a new set of 
complex functions, Kq,, Tq, : C — > C, which are related to the complex functions tpa and ipa 

by 

Ipa = fa{z, z)Ka, <fa = fa{z, z)fa (3.1) 

for any complex functions /q, : C ^ C. 

From equations (1.5), since V'aj <^a appear as a ratio, it is evident that the transforma- 
tion (3.1) leaves the functions invariant 

= (3.2) 

This means that there exists a freedom which resembles a type of gauge freedom in the 
definition of the functions, since the numerator and denominator of (1.5) can be mul- 
tiplied by any complex function. The main point is that it is not required that the set of 
functions Kq, and Tq, satisfy the original system (1.1), but that the ratio of Kq, over fa has 
to satisfy the system (2.1) and (2.2). 

Proposition 3. Suppose that for any real holomorphic functions, ga, the complex func- 
tions, Ka, and, Ta, are related to the complex functions, ipa, o-nd, ipa, as follows 

Ka = 9a1pa, Ta = ga^a, Bga = 0. (3.3) 

Then the functions Ka and Ta are solutions of the KL system (1.1) and have the form 
given by (2.14) provided that the functions cltc solutions of (2.1) and (2.2) and the real 
valued functions aa{z,z) have to satisfy the conditions (2.16) and (2.17). 
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Proof. Note, from the fact that in (3-2) is invariant under the gauge function /„, it 
follows that the function p given by (2.7) is invariant as well. 
Prom (3.3) and using (2.14) we can write that 

= 9aaaCa{dCa)^^'^ , Ta = gaaa{d£,a)^^'^ . (3.4) 

Differentiating Ka with respect to d, we obtain 

+ 9aaa{dU){diaf^ + ^<7aaa^a(9^"a)"'/'59^"a (3.5) 

Substitution of the derivative daa obtained from (2.16) into (3.5), leads to (3.5) becoming 

^ + lsa| 

= {dgo.)a.Ud~^.f" + (^^^rq^^) {9aaa{d^af") • (3.6) 

Clearly, if dga = 0, equation (3.6) takes the form of the first equation of the KL sys- 
tem (1.1), di^a = pTa, as required. 

Differentiating Tq with respect to d, we obtain 

Bra = Bgaaaid^)'/^ + gaidaama)'^^ + ^{d^a)-^/^{dd^a)gaaa 

= aa{0ga){0^a) ' - gaO-a -■ 

^ + Isal 

Since g^ are holomorphic functions, the above equations simplify to 

Bra = ^_^|^ |2 [gaaa(,a [B^a) ) , a = 1,2. (3.7) 

The first factor on the right hand side of (3.7) is just p. Hence the second factor of (3.7) 
is the expression given by (3.4) for the function Kq. Thus (3.7) is the second equation in 
the KL system. Bra = —pKa, which completes the proof. ■ 

Now we discuss in detail certain classes of solutions to (1.1) that can be obtained 
from the transformation (1.5) by subjecting the systems (2.1) and (2.2) to the following 
algebraic constraints 

|^„|' = 1, a = 1,2. (3.8) 

This implies that the functions and ^2 can differ only by a phase when these functions are 
represented in polar coordinates in the complex plane C. By virtue of (3.8) equation (2.15) 
becomes 

BB^a + BCaBUa + 2B In a^{B^a) = 0, a = 1, 2. (3.9) 
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Proposition 4. Suppose that the Junctions have unit modulus (3.8) and satisfy the 
overdetermined system composed of equations (2.1) and (3.9). Then the reciprocal func- 
tions ^cc O'f^ solutions of equations (2.1) and (3.9). 

Proof. We wish to show that is a solution of (3.9). The derivatives of are given 

by 

d{ia^) = -{dU^-^ Bit') = 

dd^^' = -dd^a^a^ + 2(5Ca)(aC«)C'. (3.10) 

Substituting (3.10) into (2.1) we obtain 

(-aei)cr'(-5Ci)cT' = (-56)^2"'(-^6)c^' 

and, by straightforward computation, it is easy to show that, by using (3.8), the above 
equation is satisfied whenever ^q, satisfies (2.1). Now we show that the reciprocal is 
a solution of (3.9). Substituting the derivatives (3.10) into (3.9) we obtain 

= ^a^i-idd^a) + 2id^ama)^-^ + Ud^i^U " 25 In a« (S^a)]- (3.11) 

It is required to show that the expression (3.11) vanishes. We assume that the ^„ satis- 
fy (3.9). Then we can eliminate the second derivative dd^a by using the second order 
equation (3.9). Moreover from (3.8) we have that = ^a^- Differentiating both sides of 
this equation with respect to d we have 



-2 



Substituting the above equation for B^a and (3.9) into (3.11) we obtain 

(dUiBU^a + 2Blnaa{dU + 2{B^a){BU^-^ + Ud^a){BU - 2B\naUdU) 

= -2{d^^ma)Ca^ + 2UdCa){BCa) = 2^"^ (- (5^„) (9^"„) + (d^ama)) = 0, 

which vanishes identically. This completes the proof. ■ 

We now investigate the case in which all the derivatives of the functions are specified. 

Proposition 5. Let the functions have unit modulus and their derivatives satisfy the 
following differential constraints 

BU = Faiz)U B^a = -Fa{z)U (3-12) 

where the complex valued functions F^, {z) of class have equal modulus 

mz)\^ = \F2{z)f. (3.13) 

Then the conditions (2.1) and (2.2) are satisfied identically and, for any real constants aa, 
the complex functions ipa o,nd ipa given by (2.14) generate solutions of the KL system (1.1). 
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Proof. By substitution (3.12) and their conjugates into (2.1) it is seen, using (3.8), that 
equation (2.2) is reduced to (3.13). Differentiating (3.12) we have that 

(i) BdCa = Fa{z)d^a, (ii) dd^a = -Fa{z)dCa. (3-14) 

Substituting the second derivative (3.14 i) and (3.12) into (2.16 i), we have 

By substitution the second derivative (3.14ii) and (3.12) in (2.16i), it follows that 
O In = — — ta = 0- 

The compatibility condition (2.2) is satisfied identically since dua = 0. So Oq, is any real 
constant. By virtTic of Proposition 2 the complex functions V'a and (pa which are defined 
in terms of and Oq by (2.18) satisfy the KL system (1.1). ■ 

Wc discuss now the possibility of constructing more general classes of solutions of 
KL system (1.1) which are based on nonlinear superpositions of elementary solutions of 
equation (3.9). 

Proposition 6. Consider two functionally independent solutions, and $,2a, of equa- 
tions (3.9), which are labelled with an additional index and a = 1,2. Suppose that the 
complex functions and ^2a have unit modulus 

\i0a? = 1 

for a,l3 = 1,2. Suppose also that there exist real valued functions, aa{z,z), such that the 
equation 

+ (5C/3a)(^C^a)C/3a + Blnaaid^p^) = (3.15) 

and its respective complex conjugate equation hold. Then the products of the functions 

r]a = 6a6a (3-16) 

have to satisfy the equations 

ddrja + {dr]a){dfia) + dlnaa{dr]a) = 0, a = 1,2. 
and their respective complex conjugate equations. 

Proof. We show that r)a given by (3.16) satisfies (3.15). In fact differentiating the func- 
tions r)a successively we obtain 

dVa = (36a)6« + ^la{d^2a), df]a = (9^1a)6« + 6a(^6a), 

ddVa = {dd^la)^2a + (9aa)(96a) + (96a)(56a) + ^la{dd^2a). 
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Substituting the first and second derivatives of rja into equation (2.15), we obtain 

X {{dCla)C2a + flQ(56a))6a6a + 9 In a„ (^^i^^ga + ?lQ<9^2a) 

= ^2a{dd^ia + ^la{d^la){d^la) + {d^la)dlnaa) + ^la{dd^2a + ^2a{d^2a){d^2a) 

+ d^2adlna„) + (5^la)(56a) + (5eia)(56a) + ^Ll^^a) (^^la) 

+ f2a{dClam2a). (3-17) 

Since the first two terms appearing on the right hand side of (3.17) are individually equa- 
tion (3.15) with P = 1,2 respectively, these terms must vanish. So wc show that the third 
term in (3.1) also vanishes. This follows by differentiating the relation (3.8). We obtain 

The third term on the right hand side of (3.17) vanishes 

(56a)(^&a) + miam2a) " (5&a)('96a) " (5eia)('96a) = 0. 

This completes the proof. ■ 

The fact that the functions individually satisfy (2.1) for a, /3 = 1,2 is in itself 
not sufficient to guarantee that the product functions rja = CiqCzq will also satisfy equa- 
tion (2.1) due to the presence of the first derivatives of the functions rja- 

Proposition 7. Suppose that the functions q,, j = 1, 2, satisfy condition (2.1) and have 
unit modulus (3.8). Then the product functions 

Va = Cla6a (3-18) 

for a = 1,2, satisfy condition (2.1) provided that the following differential constraint holds 
for the functions 

(56i)(^eii)eii^"2i + eii^2i(9eii)(56i) 

= 6262(562)(a62) + 6262 (5^2) (962). (3.19) 

Proof. Suppose the set of functions ^n, ^12 and 62, satisfy (2.1). Then 

{diii)mi) = (5a2)(^62), (56i)(^6i) = (562)(962). 

Evaluating from (3.18) the expression {drii){dfji) — {dri2){dfj2), which is equivalent to (2.1) 
for the functions rja, and next using equations (3.8), we obtain 

5(6161)^(6161) - 9(6262)5(6262) = ((96i)6i + 6i(56i)) 

X ((96i)6i + 6i(56i)) - ((^62)62 + 62(a62))((962)62 + (62^)62) 
= (56i)(56i)6i6i + 6i6i(56i)(56i) - 6262(562)(562) 
-6262(^62) (562)- 

This vanishes whenever (3.19) is satisfied. ■ 
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Propositions 6 and 7 can be used to give a criterion which enable us to determine 
whether a product of solutions of (3.9) is also a solution as well. We denote the pair of 
functions in the case in which they are equal for a = 1, 2 as follows = = 6t- 

Now we show that multisoliton solutions to the KL system (1.1) can be constructed 
based on nonlinear superposition of n elementary solutions of the system composed of (2.1) 
and (2.2). 

Proposition 8. (Factorization) Suppose that each function for i = 1, . . . ,n has unit 
modulus (3.8), and satisfies conditions (2.1) and (2.2). Suppose also that the functions 
are solutions of the following differential constraint, 



,(9e^a)(9a 
1 + \iu 



dd^,a + iT^ '" + 2(51na)(5eia) = (3.20) 



and its complex conjugate equation, where a is a real-valued function of z and z. Then the 
product functions r]a defined by 

n 

m=V2 = ll^k (3.21) 

k=l 

satisfy the overdetermined system of equations (2.1), (2.2) and (3.20). The functions 
rja determine a multisolitonic type solution to the KL system (1.1) by means of equa- 
tions (2.18). 

Proof. The proof is by induction. Consider two solutions .^i and each of unit modulus, 
which both satisfy equation (3.20) under the same real valued function a(z, z) for both ^j, 
z = 1,2. Then, from Proposition 6, the functions r^a, which are given by the product 
Vi — V2 = ^1q^2qj satisfy (3.20) under the same real valued function a{z,z). Moreover, 
.^11 = ^12 and ^21 = ^22 holds. The condition (2.1) is identically satisfied. Equation (2.2) 
is the compatibility condition for the function Oa. Since the function a{z,z) is common 
for the entire set of ^a, the compatibility condition (2.2) is also satisfied identically. Thus 
the product of and ^2q determines a solution to the KL system (1.1) by Proposition 2. 
By induction suppose that the functions 



n-l 

qn-1,1 = qn-1,2 = JJ £,k,a = JJ ^fc' 



k=l k=l 



satisfy the hypotheses of the theorem up to some n. This means that qn-i.a = Qn-i is 
a solution of (3.20) for the same real-valued function a(z,z), and satisfies (2.1) and (2.2). 
The new product function ^n,a = also satisfies the hypotheses of Proposition 8, as well 
as (2.1) and (2.2). Thus it follows by applying Proposition 6 that the new product function 



\fc=l / k=l 

is also a solution of (3.19) under the same function a{z,z). This function r)a clearly has 
unit modulus. If we set 



m = m = Yl ^k, 



k=l 
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then ria satisfies (2.1), (2.2) as well as (3.10). Hence the functions r]a can be used to gene- 
rate new multi-soliton type solutions of KL system (1.1) by a straightforward application 
of Proposition 2 to yield new solutions in the form, 

( n-l \ n-l / n-l \ ^/^ 

dH^k] , i^i = 4'2 = a{z,z)ll^kidllM ■ (3.22) 
fe=l / k=l \ k=l J 



4 Reduction of the Konopelchenko— Landolfi system 
to decoupled CP^ sigma models 

Now we discuss the case in which KL system (1.1) is subjected to a single differential 
constraint and its conjugate. This allows us to reduce this system to one which is composed 
of two decoupled CP^ sigma model equations. 

We start by introducing the new dependent variable 



J 



:i + i6P)2 



+ 



(1 + 16 



12^2 



(4.1) 



Proposition 9. The overdetermined system composed of equations (1-8) and the differen- 
tial constraint dJ = are consistent if and only if the complex functions 6 cind 6 satisfy 
the decoupled pair of CP^ sigma model equations 



26 



and their complex conjugates. 



5^a56 = 0, a = 1,2 



(4.2) 



Proof. Differentiation of J with respect to d and imposing the differential constraint 
dJ = 0, we obtain the relation 



dJ = - 



+ 



1 



556 5gi 

12^2 



(1 + 16 

556 56 



+ 



56596 

2~)2 



5656 



+ 



(1 + 16 
56556 



(i + |6P)2 (i + |6P)^ (1 + I6P) 



(1 + 161 
5656 

2^3 



2^3 



(566 + 656) 



(566 + 656) 



0, 



(4.3) 



and its complex conjugate. Solving the overdetermined system of equations (1.8) and (4.3) 
for the second derivatives 556, 506 and their conjugates, we find that the functions 6 
and 6 satisfy equations (4.2) and their respective conjugates, respectively. ■ 

Note that all solutions of the CP^ model are well known [16]. They fall into three 
classes, those described by holomorphic or antiholomorphic functions and the mixed ones. 
The purpose for constructing solutions to the KL system (1.1) can be reduced to the 
following. Take any two functionally independent solutions of the sigma model (4.2) and 
substitute these solutions into equations (2.18). Then the functions are determined by 
transformations (2.16). Hence, by virtue of Propositions 2 and 9, the functions tpa ^^nd ip^ 
thus obtained are solutions of the KL system (1.1). 
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5 Multisoliton solutions 

of the Konopelchenko— Landolfi system 

At this point, we make use of the propositions presented in Section 3 and 4 in order 
to construct several new classes of solutions to the KL system, including multisoliton 
solutions. 

Now we discuss several classes of solutions which can be obtained directly from equa- 
tions (2.1), (2.2) and transformation (2.18). 

1. We start with a simple class of analytic solutions to equations (2.1) and (2.2) of the 
exponential type 

= e'. 

The successive derivatives of are 

d^a = e^ B^a = e^ Bd^a = 0. 

Condition (2.1) is identically satisfied and, from (2.16), the real functions are deter- 
mined by 

aina« = ^e^" = -91n(l + e^+^"). (5.1) 

The compatibility condition for (5.1) is satisfied identically. Thus equations (5.1) are exact 
differentials and the functions Cq, have the form 

a„(z,z) = Ca(l + e^+^')-\ 

which are real-valued functions when Cq, are real constants. 
From Proposition 2 the functions ip^ and V'a ai'e given by 

= c„(l + e^+^")e^/2, V'a = Ca(l + e^+^")e^e^"/2. (5.2) 

The equation for a CMC-surface immersed into can be obtained by substituting solu- 
tions (5.2) into (1.3). By eliminating the parameter t = e^^^ from the pair of equations 

X\ + X| = t{t - \f (3 + 3t + t^)^ , Xi + Xi = 4(1 + tf 

an algebraic equation is found which describes the surface under consideration. 

2. A more general class of exponential type solutions of (2.1) and (2.2) are provided 
by the analytic functions of the form 

^^ = ^iMz,z)^ (5.3) 
where the (pa are real- valued functions. The derivatives of $,a are given by 

d^a = id(l)ae"^- , BCa = -idcj^ae-"^" . 
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By the use of (5.3), condition (2.1) becomes 

{d(l)i){d<j,i) = (502) (502) (5.4) 

which holds whenever 50i and d<p2 differ only by a phase. Substituting (5.3) into equa- 
tion (2.16), we get 

and its conjugate equation. Thus the compatibility condition for (5.5) requires that 

holds. Thus, the functions will provide a solution of (1.1) through (2.18) if condi- 
tion (5.5) as well as (5.1) holds. In particular, if the function is a real-valued harmonic 
function, 

dd(\>^ = 0, (5.7) 

the compatibility condition (5.6) is satisfied identically. Thus the corresponding solutions 
for the KL system (1.1) arc given by the following expressions 

= ao,{id(t>ae'^-f'\ i^a = a^e*^'^ (-iO^ce"*^" )^/2_ (gg^ 

For example, taking harmonic = (f>2 = {z^ + ^^), the corresponding surface is a cylinder 
with as its symmetry axis. 

3. Consider a monomial class of solutions of (2.1) and (2.2) which are generated by 
of the form 



Z- Zq 



(5.9) 



where Aq, and zq are arbitrary complex numbers. The derivatives of (5.9) are given by 

dCa = ^{z-Zor-\ d(a = ^{z-Zor-\ Bd^a = 0. (5.10) 

It is easy to compute constraint (2.1), which will be satisfied for all z provided that 
|Aq,P = 1 holds. Substituting derivatives (5.10) into (2.16), we obtain 

- "f;i::;:}r'''"^f'" = (i + 1- . (5.n) 

The compatibility condition for (5.11) is identically satisfied and, integrating (5.11), we 
obtain 

aa(z,z) = Ca(l + |z-Zo|^")"\ C„GM. (5.12) 
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Substituting (5.12) into (2.18), we obtain solutions and V'a of the KL system (1.1), 

1/2 



= c„ (1 + |z - zop")-' [^{z - zo)"-' j , 



. , . 1/2 



^„ = c4l + |z-zor)'^(^^J j^_(^-^o)-iJ . (5.13) 

By eliminating the parameter t = — zqP" from the following pair of equations 

Xl + Xl = (1 + t)-H (1 - r^)^ , X| + X| = 4(1 + 1)-2 

we can determine the associated surface for solutions (5.13). 

4. Now we discuss the construction of a class of solution of (2.1) and (2.2) which admits 
two arbitrary functions of one variable fai^), 

ea = f^, a = 1,2. (5.14) 

It is clear from (5.11) that \^a\^ = 1 holds, and the derivatives of (5.14) are given by 

nij. 9fo, QQ/- dfoi p- - 

O^a = adia = wdfa 

Jo. Ja 

and their respective conjugates. Then, from equation (2.16), we find that 

ainaa = -^9/«TT^---^^ = - ^ ^ =0' (5-15) 



^ fa dfoi 2 /q, /q, 2 y /q, /q 

as well as its conjugate. So is any real constant. Thus the compatibility condition 
for (5.15) is satisfied identically and equation (2.1) is satisfied provided that 

\dh? _ \dh? 
\h? \f2? 

holds. Thus, from (2.18), for any real constants we have 

\ Ja / Ja \ Ja 

As an example, if we take f{z) = z", from (1.3) the corresponding surface can be calculated 
explicitly and is a cylinder with symmetry axis X^. 

5. Consider a class of rational solutions of the KL system (1.1) which admits simple 
poles based on transformation (1.5), 

^a = ^^, a = 1,2, baeC. (5.16) 

Z-ba 

Equations (5.16) obey the constraint l^ap = 1. The derivatives of are given by 
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Then condition (2.1) is reduced to the foUowing 

{z - bi){z - bi) = {z- b2){z - h). (5.18) 
Equation (5.18) is satisfied when 6i = 62 = b. Equation (2.16) reduces to 

daa = 0, Baa = (5.19) 

and act is any real constant. Hence, applying Proposition 2, we obtain solutions of the KL 
system (1.1) of the form 

1 \ 1/2 / ;,\ / 1 \ 1/2 

1\ , I Z — b\ I I ^ ' 



The surface in this case is a cylinder with the symmetry axis. 

6. By the use of Proposition 2, an interesting class of periodic solutions to the KL 
system (1.1) satisfying the algebraic constraint (3.8) can be constructed. This class of 
solution can be determined by periodic functions of the form 

= exp(cos(z - ba) - cos(z - 5a)), 6q; G C, a = 1, 2, (5-21) 

which satisfy (3.8). Their successive derivatives are given by 

d(^a = — sin{z — ba) exp(cos(2; — ba) — cos{z — ba)), 
d^a = — sm{z — ba) exp(cos(z — ba) — cos(z — ba), 

dd^a = sin(z — ba) sm(z — ba) exp(cos(2; — ba) — cos{z — ba))- (5.22) 
Equation (2.1) becomes 

I sin(z - 6i)|2 = I sm{z - 62)^. (5.23) 

Equation (5.23) holds when 61 = 62 = b. Substituting the derivatives (5.22) into (2.16), 
we find that the functions Ua satisfy the following conditions 

d In Qa = sm{z — ba), B In Ua = sm{z — ba)- (5-24) 

Integrating (5.24), we get 

Oq = exp(ca(sin(z - ba) + sm{z - ba)))- (5.25) 

If 61 = 62 = & £ C, equations (2.18) lead to the following nontrivial, periodic solutions of 
the KL system (1.1), 

(fa = exp(cQ,(sin(2; — b) + sm{z — b))){— sm{z — b) exp(cos(z — b) — cos{z — b)))^^^, 
tpa = exp(cQ,(sin(2; — b) + sm{z — b))) exp(cos(2; — b) — cos(z — b)) 

X (- sm{z - b) exp(cos(z - 6) - cos(z - 6)))^/^. (5.26) 

The corresponding surface is a cylinder with as symmetry axis. 
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7. Another class of solutions of the KL system can be obtained by replacing the cosine 
function in (5.21) by the hyperbolic function cosh such that functions satisfy (3.8) 

= exp(cosh(z — ba) — cosh(z — ba))- (5-27) 

The successive derivatives of arc given by 

d(,a = sinh(2; — ba) cxp(cosh(z — ba) — cosh(z — ba)), 
d^a = sinh(z — ba) cxp(cosh(z — ba) — cosh(2; — ba)), 

dd^a = — sinh(z — 6^) sinh(2: — ha) exp(cosh(2: — ba) — cosh(z — ha))- (5.28) 

Condition (2.1) then takes the form 

I sinh(z — hi) exp(cosh(2: — hi) — cosh(z — hi))\ 

= I sinh(2; — 62) exp(cosh(2; — 62) — cosh(z — 62))!. (5.29) 

Equation (5.29) is satisfied when 61 = 62 = ^ G C. Equations (2.16) become identical to 
(5.19) in this case. Hence are any real constants. Therefore, by the use of (2.18) the 
required solutions of KL system (1.1) are given by 

Vi,2 = aQ,(sinh(2; — h) exp(cosh(z — 6) — cosh(^ — 6)))"^''^, 
V'1,2 = o-a cxp(cosh(z — b) — cosh(z — b)) 

X (sinh(z - b) exp(cosh(z - 6) - cosh(z - h)))^^"^. (5.30) 

These solutions represent a bump type solution and the corresponding surface is a cylinder 
with symmetry axis X^. Note that solutions which yield cylinders, such as (5.8), (5.20), 
(5.26) and (5.30), have applications to certain types of cosmological models and are useful 
for describing event horizons in general relativity [4]. 

8. Another class of hyperbolic solutions is obtained by using the tanh function instead 
of cosh in expression (5.21) and is generated by 

= exp(tanh(z — ha) — tanh(z — ba))- 

The successive derivatives of ^a are given by 

d^a = sech^(2; — ba) exp(tanh(2; — ba) — tanh(z — ba)), 
d^a = sech^(z — ba) exp(tanh(^ — ba) — tanh(2; — ha)), 
ddia = — sech^(2; — 6Q.)sech^(z — ha) exp(tanh(z — ha) — tanh(z — ba))- 
Condition (2.1) takes the form 

|sech^(2; — 61) exp(tanh(2: — hi) — tanh(z — 5i))| 

= |sech^(z — 62) exp(tanh(2; — 62) — tanh(z — 62))! (5.31) 

which holds whenever 61 = 62 = 6. Equations (2.16) are reduced to (5.19), which implies 
that the are real constants. Thus from (2.18) we can write 

(pa = a(sech^(2; — b) exp(tanh(z — b) — tanh(z — b)))^^"^, 
ipa = aexp(tanh(z — h) — tanh(z — b))) 

X (sech^(z - b) exp(tanh(z - 6) - tanh(2; - 6)))^^^, a = 1,2. 
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This type of solution represents a kink-type solution. Substituting these in (1.3), the 
corresponding surface is given by a cylinder with X3 as its symmetry axis. 

9. Finally we discuss a class of solutions for the KL system (1.1) admitting simple poles 
which can be constructed by applying Proposition 8, namely, 

61 = 62 = hk G C. (5.32) 

z-hk 

These functions have unit modulus and identically satisfy condition (2.1) and equa- 
tion (3.20) for any real constants a^. By virtue of Proposition 8, a solution of KL sys- 
tem (1.1) is generated by the functions rja in the form of the product, 

ri^=m = i\ (5.33) 

Substituting (5.33) into (2.18), we obtain 

1/2 / n . \ 1/2 



n ^ \ ^/^ / " 1 \ 



Note that this type of solution admits only simple poles and represents multisoliton solu- 
tions of the KL system (1.1). The associated surface for n = 1 is a cylinder. 

With regard to the examples presented here, we mention two configurations which are 
different from instantons and have applications in string theory [4] . 

The developable surfaces are the simplest. These surfaces have Gaussian curvature 
K = Q, satisfy (1.1) and the additional constraint 

(IViP + |<^iP) (|^2p + \^2?) = \A{z)\\ (5.34) 

where A{z) is an arbitrary holomorphic function. 

A second class of surfaces, those with flat normal bundle, correspond to vanishing 
normal curvature Kj^ = 0. These surfaces are generated by the system (1.1) subject to 
the additional constraint 



^2 



'2 + |992|2) = |A(z)|2(|V;i|2 + |(^i|2), (5.35) 



where A{z) is an arbitrary holomorphic function. If A{z) = 1 and we differentiate both 
sides of (5.35) with respect to d and use (1.1) to eliminate the known derivatives of ■i/'i 
and ipi, we obtain the constraint 

Several solutions which have been presented in this Section fall into this second classifica- 
tion if the functions are chosen properly. For example, the solutions (5.20) and (5.30) 
in examples 5 and 7 satisfy (5.35) for A[z) = 1 provided that ai = 02 = 1. Another class 
of solution (5.26) obeys condition (5.35) when ci = C2 = 1. 
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6 A simple model for strings in 

According to [4] , the unification of gravity and quantum mechanics seems to require a new 
formulation of physics at small distance scales. In the string approach elementary parti- 
cles can be thought of as strings, and differ from all familiar quantum mechanical field 
theories the constituent particles of which are pointlike, whereas a string has extension 
in space-time [21, 22]. Moreover, superstring theory combines string theory with another 
mathematical structure namely supersymmetry. This theory makes it possible to consider 
all four fundamental forces as various aspects of a single underlying principle [23]. The 
forces are unified in a way determined by the requirement that the theory be internally 
consistent. The strings which arc postulated by the theory would then be about 10^^ times 
smaller than the diameter of the proton. 

We introduce an independent world sheet metric, gab{x, y), which is independent of the 
string variables. The Polyakov form of the Lagrangian density [24] is written as 

L = --^^g''^daXi,dbX'', a, 6 =1,2 ^i = l,...,4, (6.1) 
with action 

S = J dxdy L, 

where g = det{gab), and a is the square of the characteristic length scale of pcrturbative 
string theory. The tension of the fundamental string is l/27ra. This is a generalization of 
the second order point-particle action. Notice that the Polyakov action resembles an action 
with scalar fields interacting with an external two-dimensional gravitational field [24]. It 
is worth noting here that the Polyakov form of the action is in fact equivalent to another 
form of the action which appears in string theory [24] , namely, the Nambu~Goto action. 
To obtain this equivalence, the equation of motion which is derived by varying the metric 
can be used. This implies that 

habi-h)-^^^ = gabi-g)-'/^ (6.2) 



where hab is the induced metric, so that gab is proportional to the induced metric. Equa- 
tion (6.2) can be used to eliminate gab from the Polyakov action, thus giving the Nambu- 
Goto form. The independent world sheet metric gab is taken to be 

«=.-=(» I). 

The Euler Lagrange equations of motion are obtained from (6.1) and have the form, 



d:edyX^ = 0, 11=1,..., 4- (6.3) 
Applying the identity d^dy = — d"^), equation (6.2) becomes 

(5^ - ^'^)X^, = 0. (6.4) 
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Substituting the expressions for the position vector X given by (1.3) into (6.4), we obtain 
the following set of equations 

d{'4>ii>2 + ^1^2) + d{ipiip2 + '^1^2) = 0, 
d{'4>i'4)2 - ^W2) - d{ipitp2 - 'fi'^2) = 0, 
d{ipiip2 + i'2V'i) - di'4>i(p2 + tp2<fi) = 0, 

a(?/5i(/?2 - ^2</fl) + d{i>i(f2 - i>2<fi) = 0. (6.5) 

Adding the first two and last two equations in (6.5), respectively, we obtain 

d{i'ii'2) + d{(pi(p2) = 0, d{'4}np2) - d{i)2'Pi) = 0. (6.6) 

Equations (6.6), together with their complex conjugates, are equivalent to (6.5). For 
example, taking the sum and difference of the first equation in (6.6) with its own conjugate, 
we obtain the first two equations in (6.5). 

Now in this context we discuss a condition under which the KL system (1.1) becomes 
a linear system of equations. 

Proposition 10. Consider the overdetermined system composed of the KL-system (1-1) 
which is subjected to DCs of the form 

tpidipi — (pidifi + ip2dip2 — <P2d(p2 = 0. (6.7) 

Assume that all first order derivatives ofipa and ipa with respect to z and z are expressible 
in terms of polynomial functions which depend on ipa and ipa with constant coefficients. 
Then the KL system (1-1) subjected to (6.7) is equivalent to the following linear system of 

equations 

{uiU2f^'^=P0, \i}a? + Wa\^ =Ua, (6.9) 

where the quantities pq and Ua are arbitrary real constants. 

Proof. The aim is to find the explicit form of all first derivatives of ipa and ipa in such 
a way that they do not provide any additional differential constraints on ipa and ipa other 
than those in (6.7) when the compatibility conditions are added. In this case we can 
close the KL system (1.1) and show that the compatibility conditions for (1.1) and (6.7) 
under the assumption of Proposition 9 coincide only with the requirements (6.8) and (6.9). 
Indeed, using Ua defined in (1.1) the first and second derivatives of Ua, ipa and ipa are 

dUa = Ipadlpa + ^ad^Pa, 

ddUa = dipadlpa + dipaBifa - p'^Ua, a = 1,2, (6.10) 



and 



ddlpa = ^adp - p'^lpa, d'^lpa = ^adp + pdipa, 

Bdifa = -Ipadp - p'^iPa, d'^Va = -tpadp - pBlpa (6.11) 



and their respective complex conjugate equations. 
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Suppose that the unknown derivatives {dtpa, d'4'a-, d^a-, d'fa) other than those appearing 
in (1.1) are polynomial in i/Jq, and ipa with constant coefficients. The analysis of the 
dominant terms in the variables ipa and ipa for the compatibility conditions of all first 
order derivatives leads to the requirement that all unknown derivatives have to be cubic 
in terms of the fields V'a and (pa and take the following specific form 

2 2 

d'4>a=P^{citpa + cl'Pa), difa = P^ic^i^a + C^fa) ■ (6-12) 

a=l a=l 

Here, c^, i = 1,...,4, arc complex constants to be determined from the compatibility 
conditions for (6.11) and (6.12). This leads us to a system of equations which are linear 
in Tpa and (pa and has a unique solution of the form (6.7). Differentiation of p with respect 
to z and z yields 

9p = ^P^^iu2dui + uidu2), dp = ^p~^{u2dui + u\du2). (6.13) 

Taking into account (6.8), we obtain that equations (6.13) vanish identically and condi- 
tions (6.9) hold. Note that under the condition (6.7), we show that the KL system (1.1) 
admits a conserved quantity with p a real constant. It implies by virtue of (1.4) that the 
Gaussian curvature K = Q and so the surface is flat. ■ 

Note that on substitution of the derivatives of functions V'a and ipa-, given in (6.8) into 
the string equations (6.6), it is seen that (6.8) is a solution to the string equations. If time 
is regarded as a spatial dimension, as appropriate in M^, the world sheet of a closed string 
can be thought of as a surface that joins the string at its initial point and at the end of 
its spacetime path. It has been shown here that the Polyakov form of the action [4, 25] 
can be used in the KL formulation of surfaces in R^, where the motion of the string is 
such that the action is minimized. This variational principle yields the string equations of 
motion (6.6). 

In conclusion it is worth noting that the study of stable classical solutions presented 
here is one of the most important problems in investigating quantum theories of strings, 
in particular, in constructing perturbation series about a known classical solution, — ^ 

From the physical point of view, to perform calculations in the path integral approach, 
one often shifts the integration variable by a solution to the classical system. In order to 
extract physical predictions from a theory we must firstly quantize the theory and obtain 
the physical states. On account of symmetries present in such theories, there can be 
great redundancies in the degrees of freedom and so the quantization of the string can be 
nontrivial. A quantum theory which describes interactions of strings can be represented 
by a Feynman path integral. In this form of quantization the amplitudes are obtained by 
summing over all possible histories which interpolate between the initial and final states. 
Each path is weighted by the factor exp(iS'c;), where Sd is the classical action for the 
given history. An amplitude in string theory is defined by summing over all world-sheets 
connecting the initial and final curves, or surfaces. In the sum over world sheets the 
integral runs over all Euclidean metrics and over all cmbeddings of the surface determined 
by the position vector of the world sheet in spacetime. It is usual to take the action in 
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Euclidean form, which is more accurately defined as far as convergence of the path integral 
is concerned. 

An analysis of solutions carried out in Section 4 can provide us with admissible surfaces 
with respect to the KL system (1.1) in W^, which can be used in the calculation of quantum 
corrections to classical results. Recently the GW representations for inducing minimal 
surfaces in pseudo-Riemannian multidimensional spaces has been formulated in [1, 15]. It 
should be possible to extend the path integral approach to these multidimensional spaces 
as well. This task will be undertaken in future work. 
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